Abstract. We apply Tate's conjecture on algebraic cycles to study the Néron-Severi groups of varieties fibered over a curve. This is inspired by the work of Rosen and Silverman, who carry out such an analysis to derive a formula for the rank of the group of sections of an elliptic surface. For a semistable fibered surface, under Tate's conjecture we derive a formula for the rank of the group of sections of the associated Jacobian fibration. For fiber powers of a semistable elliptic fibration E→C, under Tate's conjecture we give a recursive formula for the rank of the Néron-Severi groups of these fiber powers. For fiber squares, we construct unconditionally a set of independent elements in the Néron-Severi groups. When E→C is the universal elliptic curve over the modular curve X 0 (M )/Q, we apply the Selberg trace formula to verify our recursive formula in the case of fiber squares. This gives an analytic proof of Tate's conjecture for such fiber squares over Q, and it shows that the independent elements we constructed in fact form a basis of the Néron-Severi groups. This is the fiber square analog of the Shioda-Tate Theorem.
A(K). This latter statement is equivalent to saying that the rank of A(K) is equal to the residue at s = 1 of the logarithmic derivative of L(A/K, s). Now, take K = Q and A to be an elliptic curve E over Q. A formal 1 Tauberian argument then leads Nagao [14] to observe that the expression −1 x p≤x a p (E) log p,
where a p (E) := p + 1 − #(non-singular points of E mod p), approximates the rank of E(Q) for suitable, large values of x. This is supported by computer data [12] . For an elliptic curve E defined over the rational function field Q(T ), Nagao [14] defines a similar expression
where E t denotes the curve obtained from E by specializing the variable T to t. For several families of elliptic curves E over Q(T ), Nagao [14] shows that S(E, x) converges to the Mordell-Weil rank of E over Q(T ), and he conjectures that this is true in general:
MW-rank E(Q(T ))
Elliptic curves over Q(T ) can be viewed as elliptic surfaces over P 1 Q . More precisely, let C be a smooth, geometrically connected projective curve defined over a number field k; denote by K C = k(C) its function field. Let E be an elliptic curve over K C . By the theory of minimal models [2] , there exists a smooth projective surface E together with a genus one fibration f : E→C with a section σ, all defined over k, such that the generic fiber of f is E/K C , and that no fiber of f contains a curve ≃ P 1 and with self-intersection number −1; such elliptic fibrations are called relatively minimal. Furthermore, the correspondence E/K C ↔ (E, f ) is bijective [11] . Denote by NS(E/k) the Néron-Severi group of the surface E/k. Fix an algebraic closure k of k, and write G k for the absolute Galois group Gal(k/k). Given a maximal ideal p of the ring of integers O k of k, denote by N p the absolute norm of p. For any smooth variety V /k of dimension > 0, Tate's conjecture on algebraic cycles [27] states that L 2 (V /k, s), the L-function attached to H 2 et (V ⊗ k, Q l ), has meromorphic continuation to C, and that
On the other hand, the Shioda-Tate formula [24] furnishes a natural isomorphism E(k(C)) ≃ NS(E/k)/T E , (6) where T E denotes the subgroup of NS(E/k) generated by the section σ together with all the k-components of the fibers of f . This leads Silverman to consider the following analytic form of Nagao's conjecture
MW-rank of E(k(C))
a p (E t ) (7) and asks if it is related to Tate's conjecture. By giving an L-series interpretation of the Shioda-Tate formula and by analyzing carefully the singular fibers of the elliptic surface E, Rosen and Silverman [16] show that, for any non-split elliptic surface f : E→C with a section, (7) indeed follows from Tate's conjecture. The original Nagao's conjecture then follows from (7) plus a non-vanishing hypothesis for L 2 (E/Q, s). In particular, Rosen and Silverman show that Nagao's conjecture holds unconditionally for rational elliptic surfaces with sections.
This result of Rosen and Silverman can be thought of as a Birch-Swinnerton-Dyer-type conjecture for families of elliptic curves over C/k. If E t has good reduction at p, then a p (E t ) is the trace of the geometric Frobenius at p of H 1 et (C ⊗ k, Q l ). A natural question then arises: are there analogs of Nagao's conjecture for general fibered varieties over a curve? In this paper we investigate this question for fibered surfaces and for fiber powers of elliptic fibrations.
Our first result gives an analog of the analytic form of Nagao's conjecture for higher genus fibrations (see Section 2 for the definition of Chow traces, and see Section 3 for the definition of a p (S t )). Note that the hypothesis on multiplicities in Theorem 1 is satisfied in the case of a semistable fibration, or if the fibration has a section. Theorem 1. Let S be a smooth projective surface, and let π : S→C be a fibration over a smooth projective curve C, all defined over a number field k. Suppose that for every point x ∈ C(k), the GCD of the multiplicities of the irreducible components of the fiber π −1 (x) is 1, and that the Chow trace of this fibration is zero. Assume Tate's conjecture for S/k. Then
a p (S t ) = the rank of the group of sections of the Jacobian fibration associated to S→C.
Remark 1. For any integer g ≥ 1 there exists a semistable, genus g fibration X→P 1 over some number field, such that X is a rational surface and that the Mordell-Weil rank of the Jacobian fibration is 4g + 4; cf. [17] and [25] . Since Tate's conjecture is true for rational surfaces, this shows that Theorem 1 is not vacuous.
Next, consider the problem of studying Nagao sums for a p (E t ) n where E→C is an elliptic fibration. Since
It is then natural to try to compute the residue at λ = n/2 + 1, and to ask if there is any geometric interpretations of these residues at every integer ≥ n/2 + 1. To state our results, first note that the relation a p (E t ) = p + 1 − #E t (F p ) suggests that the Nagao sum for a p (E t ) n should be related to E (n) := the fiber product of n copies of E with itself over C.
Indeed, let f : E→C be a semistable elliptic fibration over a number field k. Deligne ([3] ; cf. also [19] ) constructs a desingularizationẼ (n) of E (n) via a canonical sequence of blowups.
Set b j := the number of k-rational exceptional divisors of E (j) . Since E (1) = E is smooth, we have b 1 = 0. For E (2) the singular locus consists of finitely many ordinary double points.
Theorem 2. Let f : E→C be a semistable elliptic fibration over k with a section. Fix an integer n ≥ 2. Assume Tate's conjecture for E (j) for every 1 ≤ j ≤ n. Then
Remark 2. Note that the left side of (9) makes no reference to any desingularization of E (n) , and that in general E (n) has many desingularizations. For example, every the ordinary double point on E (2) /k admits a small resolution [4, . This process replaces each ordinary double point by a P 1 instead of P 1 × P 1 (as in the case of blowup) and is an isomorphism outside the double points. In particular, it does not affect the Néron-Severi group. On the other hand, when we evaluate the residue (9) unconditionally in the case of elliptic modular surfaces (Theorem 4), we need to work with Deligne's canonical desingularization in order to relate the threefold E M (2) to modular forms.
Let us examine the case n = 2 of this Theorem in greater details. Since a p (E t ) 2 ≤ 4N p , when n = 2 the residue in (9) is between −4 and 0. Theorem 2 then suggests that the rank of NS(
where S E ∈ {0, −1, −2, −3, −4}. On the other hand, there is a natural collection of divisors on E (2) obtained by essentially pulling back to E (2) , via the two projections E (2) →E, the generators of NS(E/k) ⊗ Q l furnished by the Shioda-Tate Theorem; cf. the list (29) in §5 for details. The cardinality of this natural collection of divisors is (cf. (30)) 2 rank NS(E/k) + (#k-rational singular points of E (2) ).
In light of Theorem 2, if these divisors form a basis of NS( E (2) /k) ⊗ Q, then the residue in (9) would be exactly −1 when n = 2. We have the following partial result.
Theorem 3. Let f : E→C be a semistable elliptic fibration over k with a section. Then the divisors in (29) on E (2) give rise to independent elements in NS(
Corollary 1. Let f : E→C be a semistable elliptic fibration over k with a section. Assume Tate's conjecture for E and E (2) . Then
Remark 3. Let f : E→C be a semistable fibration over k with a section. Suppose that every k-irreducible component of the bad fibers is defined over k. Let Γ be such a component, and set γ := f (Γ) ∈ C, so the fiber f −1 (γ) is a m-gon for some m ≥ 1. The residue in (10) encodes in analytic terms an equidistribution statement for the traces of Frobenius for the fibers of an elliptic surface: To say that the residue is zero is to say that most of the fibers have small a p , while to say that the residue is −4 is to say that most of the fibers have a p close to the extremal values ±2 N p . We can pose the same problem for elliptic curves over number fields; as usual we get the strongest results in the context of modular elliptic curves over Q, for which analytic techniques are available. Similarly, in the important case of elliptic modular surfaces, by relating the a p (E t )
n -sum to the Selberg trace formula we prove the following result. 
n has a meromorphic continuation to the half plane Re(s) > 0 with at most a simple pole at s = 1. The pole occurs precisely when n is even, in which case the residue is −(n!) (n/2)!(n/2 + 1)! .
, a trivial lower bound of the residue in Theorem 4 is ≥ −2 n . But the Stirling formula gives
which is o(2 n ). Thus on average, |a p (E t )| is 'small'. (b) For odd n, Theorem 4 is stronger than (8) in that it gives the residue at a point to the left of the trivial boundary of convergence. Furthermore, for odd n, our argument in fact holds over all number fields. However, for even n our use of the Selberg trace formula forces us to work over Q. If we can directly relate, say, expression (39) to counting points on Kuga fiber varieties without using the trace formula then we should be able to work with arbitrary base fields.
(c) The requirement that M be odd is a simplifying assumption; with additional (tedious) work the Theorem should hold for general M.
As a by-product of Theorem 4, we get an analytic proof of Tate's conjecture for the universal elliptic curve E M →X 0 (M)/Q and for its fiber square. 2 
Denote byE
(2) the complement of the ordinary double points in E (2) . Then the m 2 Weil divisors on E
also give rise to m 2 divisors {W i } i onE (2) . These are now Cartier divisors sinceE (2) is smooth. The Zariski closure in E (2) of the W i then give rise to m 2 Cartier divisors on E (2) .
Theorem 5. Let M be an odd integer. Remark 6. Our method can be applied to study higher fiber powers of E M →X 0 (M). To do that we need an analog of Theorem 3 for such higher fiber powers. That calls for a careful accounting of the pull-back divisors obtained via various projections E (j) →E, together with a detail analysis of the exceptional divisors arised from Deligne's canonical desingularization. Such an analysis is also needed if we want to apply our techniques to study the groups of d-cycles on E (j) modulo l-adic homological equivalence for 0 < d < n (for d = n − 1 we recover the Néron-Severi group). We will address these issues in a separate paper.
Remark 7. Our method yields no information regarding the torsion subgroups of the Néron-Severi groups of fibered varieties. For example, are there any additional torsion divisors on E (j) other than the pull-back of torsion divisors on E? Do non-trivial torsion divisors on E pull-back to non-trivial torsion divisors on E (j) ?
Remark 8. Using the computer algebra package PARI, we evaluate numerically the a 2 p -Nagao residues for several semistable elliptic fibrations which are not Kuga varieties. In each case our data strongly suggests that the residue should be −1. In light of the spectral sequence computation in Section 8, to settle this question for a general semistable elliptic fibration f : E→C we need to understanding the L-function attached to the l-adic monodromy representation
In general this is very difficult problem. Currently, our effort is focused on the semistable elliptic surface
This turns out to be the 'universal elliptic curve' over the Fermat curve [23] , the latter being viewed as a modular curve with respect to a non-congruence subgroup of SL(2, Z). We expect that the complex multiplication structure on the Fermat curve will greatly facilitate the monodromy calculation.
Remark 9. Nagao sums can be formulated for varieties fibered over a base of dimension > 1 as well. To mimic our argument to this setup, among other things we need to relate the cohomology of the base to that of the fibered variety; cf. Lemma 1. Significant results along this line have been obtained in the Ph. D. dissertation of Wazir [30] .
The discussion above focuses primarily on semistable fibrations. At the other end of the spectrum we have the isotrivial, non-split elliptic fibrations: these are non-split elliptic surfaces E→C where the j-invariant of the generic fiber is an element of k.
Theorem 6. Let f : E→C be an isotrivial, non-split elliptic surface over Q. Then
if E→C is a cubic, quartic or sextic twist family, −1 otherwise.
Remark 10. Is there a geometric interpretation of this residue,à la Theorems 3 and 5(b)?
Here is a summary of the paper. In Section 2 we recall Raynaud's exact sequence and the Shioda-Tate Theorem for higher genus fibrations. These geometric data are applied in Sections 3 and 4 to derive formulae for the rank of various Néron-Severi groups; Tate's conjecture comes in when we rewrite the Nagao sums in terms of the logarithmic derivatives of L-functions. In Section 5 we produce a natural collection of divisors on E (2) ; to prove that they are independent in NS( E (2) /k)⊗Q we intersect these divisors on the threefold E (2) with various well-chosen surfaces, reducing the problem of checking independence to the case of surfaces. In Sections 6 and 7 we switch gears and count elliptic curves over finite fields with a given level structure and a fixed j-invariant. This allows us to rewrite, in the case of the universal elliptic curve E M over X 0 (M)/Q, the a n p -Nagao sums in terms of the Selberg trace formula, from which Theorem 5 follows. Combined with a spectral sequence calculation, this yields an analytic proof of Tate's conjecture for E M (2) . Finally, in Section 9 we compute the a 2 p -Nagao residue for isotrivial fibrations over Q, by relating these Nagao sums to symmetric square L-functions.
Convention. We will have many occasions to reduce a fibered variety f : V →C modulo a prime ideal p. Unless otherwise stated, the reduction is taken with respect to some fixed but possibly non-canonical model of the fibration. This introduces ambiguity for finitely many p, which does not affect our computation of the residues of various L-functions associated to V . In a similar vein, we adopt the convention of using only those p at which V, C and f all have good reduction with respect to some fixed model; some fibers of course could be singular.
Raynaud's exact sequence and the Shioda-Tate formula
In this section we recall several results about fibered surfaces; see [26] for more details. Let C be a smooth projective curve over k, and let S be a smooth projective surface over k. Denote by Jac k (C) the Jacobian variety of C/k, and by PicVar s (S) the Picard variety of S/k; both of these are Abelian varieties over k. Let π : S→C be a proper morphism over k. Assume that the generic fibration of π is a smooth projective curve Γ π over the function field k(C). This gives rise to a short exact sequence
where Pic S/C denotes the relative Picard scheme of S/C [2] . To identify the image of π * we need the notion of Chow trace: let A be an Abelian variety over the function field
, is an Abelian variety over k together with a K C -homomorphism τ : T r K C /k (A)→A, such that for any Abelian variety B/k and a K C -homomorphism β : B→A, there exists a unique k-homomorphism
. Note that if f : E→C is a genus one fibration, then f is non-split if and only if the Chow trace of E→C is zero.
We say that π : S→C is a Raynaud fibration if for every fiber of π over k, the GCD of the multiplicities of the irreducible components is 1. Two notable examples of Raynaud fibrations are (a) fibrations S→C with a section, and (b) semistable fibrations.
. Suppose π : S→C is a Raynaud fibration over k. Then we have a short exact sequence of Abelian varieties over k
Corollary 2. Suppose π : S→C is a Raynaud fibration over k with zero Chow trace. Then for all but finitely many p,
Fix a smooth curve σ/k on S such that π(σ) = C. Fix a fiber F/k of π. Denote by T S the subspace of NS(S/k) ⊗ Q generated by σ together with all components of all fibers of π over k. While σ need not be a section of π, the image in NS(S/k) ⊗ Q of any two choices of σ differs by a Q-multiple. In particular, T S is well-defined.
Theorem 8 (Shioda-Tate [26] ). Suppose π : S→C is a Raynaud fibration over k with zero Chow trace. Then there is a decomposition of
3. Nagao's conjecture for higher genus fibrations Proof of Theorem 1. For any reduced, irreducible projective curve X/F p , not necessarily smooth, define a p (X) := N p + 1 − #X(F p ). Let π : S→C be a fibration of smooth projective surface over a smooth projective curve, all defined over a number field k. Suppose the fibration has good reduction 3 at p. For any t ∈ C(F p ), write S t for the fiber of π at t. Define m(S t /F p ) := number of reduced F p -rational components of the fiber S t .
recall our convention
Denote by {C i } i the F p -components of the fiber S t . Define
Note that a p (S t ) coincides with the usual definition when S is a genus one fibration (this follows from the case-by-case analysis in [16, Lem. 17] ), or when S t is a smooth fiber (in which case a p (S t ) is the trace of the geometric Frobenius at p acting on
Moreover, for every t ∈ C(F p ), we have
which is the analog for our fibration of [16, Lem. 17] . Consequently,
On the other hand, since S has good reduction at p, the Weil conjecture gives
Combine (15) and (16) together with (12), we get
Recall that the submodule T S of the G k -module NS(S/k) ⊗ Q is generated by a fixed multisection σ/k on S along with all components of all fibers of π over k. The geometric Frobenius Frob p fixes σ and acts non-trivially on any non-F p -rational components of each fiber of π. Furthermore, in light of the Weil conjecture, π has at least one smooth fiber over F p for all but finitely many p, and the image in NS(S/F p ) ⊗ Q of any two such multisections differ by a non-zero Q-multiple. Consequently, for all but finitely many p,
Combine (17), (18) and (19), we get
is an Artin L-function. In particular, the second term on the right side of (20) is −rankT S (k). Under Tate's conjecture, the first term on the right side of (20) is rankNS(S/k). Invoke the Shioda-Tate isomorphism (13) and we get Theorem 1.
Fiber powers of semistable elliptic fibrations
Proof of Theorem 2. Let f : E→C be a semistable elliptic fibration over a number field k. Fix an integer n ≥ 2. Then
where E (j) denotes the fiber product of j copies of E with itself over C. Denote by E (j)
Deligne's desingularization of E (j) [3] via a canonical sequence of blowups. See [19, §2] for a description of the desingularization. Write
Since E (1) = E is smooth, we have b 1 = 0. For E (2) the singular locus consists of isolated ordinary double points. Write O E (·) for the usual big-O notation with the constant depending on E only (and not on p); as usual the constant could change from line to line. Then
Substitute this into (21) and expand (N p + 1) n−j using the binomial theorem, we get
) by the Weil conjecture, so (21) becomes
Lemma 1. Suppose f has a section. Then for every j > 0 we have tr
Proof. The semistable fibration f : E→C induces a fibrationp(j) : E (j) →C. Schoen [18, Lem. 1] shows thatp(j) induces an isomorphism of fundamental groups π 1 ( E (j) ⊗C)→π 1 (C ⊗ C) when j = 2; his argument 5 applies mutatis mutandis for j > 2 as well. By the compatibility of l-adic cohomology with Betti cohomology,p(j) * :
is then a G k -equivariant isomorphism for j > 1. When j = 1, Raynaud's exact sequence (11) implies thatp(j) * is also an isomorphism. The Lemma then follows.
Invoke the Lemma and we see that (22) + (23) is equal to
Apply Tate's conjecture and we get Theorem 2.
Néron-Severi groups of fiber squares
Let f : E→C be a semistable fibration over k. Fix a non-zero, k-rational divisor d 0 on C/k over which f is smooth. Set
. A different choice of d 0 gives rise to another vertical fiber whose image in NS(E/k) ⊗ Q is a non-zero Q-multiple of that of F E .
Denote by {t} t∈τ the set of k-rational, irreducible divisors of C/k over which f : E→C is singular. Since f is semistable, for every t the fiber f −1 (t) is a sum
A i (t) of pairwise distinct, k-irreducible divisors on the surface E. Suppose further than E has a zero section 0 E . Then for each t ∈ τ exactly one A i (t) intersects non-trivially with 0 E . Relabel the components if necessary, we can assume that A 1 (t) ∩ 0 E = ∅ for every t. The Shioda-Tate Theorem (Theorem 8) says that NS(E/k) ⊗ Q has a basis consisting of (i) a set of generator {s i } i∈I of the group of sections of f : E→C modulo torsions,
(ii) the zero section 0 E , (iii) a vertical fiber F E , and (iv) the components {A i (t)} i>1 for each t ∈ τ .
Since
is a non-zero multiple of F E in NS(E/k) ⊗ Q, for (iv) above we could leave out any one of the A i (t), not just A 1 (t); we choose A 1 (t) to facilitate future calculations.
Denote by π i : E (2) →E the two projections
Then we have a natural collection of k-rational divisors on
, where i = 1, 2 and j ∈ I, A ij (t) := π −1 i A j (t), where i = 1, 2, and 1 < j ≤ m(t) with t ∈ τ , F (2)
where in the definition of ∆ we view E (2) as a subset of E × E. The singular locus of E (2) /k consists of finitely many ordinary double points. These points break up into a finite set of k-conjugate orbits {l} l∈L . Denote by β : E 
E
(2) the blowup of E (2) at all of these double points, and for each l ∈ L, denote by B l the exceptional divisor over l. Theorem 3 would follow if we can show that the following collection of divisors
),
, and the blowup divisors B l (29) are linearly independent 6 in NS(E (2) /k) ⊗ Q. Note that the number of these divisors is
by the Shioda-Tate Theorem. Since blowing up the k-Galois orbit of an ordinary double point increases by one the rank of the Picard group over k, and hence the Néron-Severi group over k, it suffices to show that the divisors in the list (28) are linearly independent in NS(E (2) /k) ⊗ Q. Note that these divisors are all Cartier: A ij , S ij , F (2) and E i are pull-back of Cartier divisors on E, and ∆ is the intersection of a Cartier divisor on E × E with the subvariety E (2) . Suppose there is a relation of the form
6 Instead of the A ij (t), it might seem more natural to work with A j1 (t)× C A j2 (t). However, these elements turn out to be dependent in N S( E (2) /k) ⊗ Q; cf. Remark 3 in the Introduction.
with α ij (t), σ ij , γ, δ, ǫ i ∈ Q. We can find a non-zero, k-rational divisor d 1 on C which is disjoint from every t ∈ τ and from d 0 (recall that F E := f −1 (d 0 )), and that G := f −1 (d 1 ) intersects transversely with every S ij , ∆ and E i . Then
Since f is semistable, infinitely many of the fibers of f (over k) are elliptic curves without complex multiplication. Thus we can assume that
is the Galois orbit over k of an elliptic curve over k without complex multiplication. Consequently,
Then (31) implies that (among other things)
Next, consider the intersection of R with E 1 ≃ E/k. Note that
and we have the identification
Recall that A j (t) intersects trivially with 0 E for all j > 1, so A 1j (t) · E 1 = 0 for all j > 1. We claim that E 1 · E 1 = 0; in light of the identifications above the relation R · E 1 = 0 then becomes
for every j. Repeat the same argument for R · E 2 and we get that σ 1j = α 1j = ǫ 1 = 0 for every j. All in all, these calculations show that the divisors in (29) are independent modulo numerical equivalence, and hence they are independent modulo algebraic equivalence tensored with Q.
It remains to show that
For that we need an auxilary result.
Lemma 2. Let E→C be an elliptic fibration over k with a zero section 0 E . Then there exists a divisor M on E which is disjoint from 0 E , such that M − n0 E is the divisor of a function on E for some integer n > 1.
Proof. We can assume that E→C is relatively minimal. Write E ′ for the generic fiber. Fix an integer m > 1. Then M ′ := kernal of the multiplication-by-m map on E ′ , and hence M ′′ := M ′ − {0 E ′ }, are both divisors on the elliptic curve E ′ over the function field K C of C/k. Add up the points in M ′′ and we see that M ′′ − (m 2 − 1)0 E ′ is the divisor of a function on E ′ /k C . Since E→C is relatively minimal, by the Néron property M ′′ extends to a divisor M on E which is disjoint from 0 E , and the Lemma follows by taking n = m 2 − 1.
Returning to the proof of E 1 · E 1 = 0, let M and n be as in the Lemma. Then E 1 and E × C M defines the same elements in NS(E (2) /k)⊗Q, whence E 1 ·E 1 is a non-zero Q-multiple of (E × C 0 E ) · (E × C M), which is zero. This completes the proof that the divisors in (28) are linearly independent in NS(E (2) /k) ⊗ Q, and Theorem 3 follows.
Cyclic subgroups of elliptic curves
The classical modular curve X 0 (M) has an open subset Y 0 (M) ⊂ X 0 (M), both defined over Q, such that for any field K of characteristic prime to N, the K-rational points of Y 0 (M) parameterizes equivalent classes of pairs (E, C), where E is a elliptic curve over K, and C is a K-rational cyclic subgroup of E of order M; two such pairs (E, C) and (E ′ , C ′ ) are declared to be equivalent if there exists a K-rational isomorphism taking E to E ′ and C to C ′ . See [15] for more details. There is a canonical map X 0 (M)→X 0 (1) defined over Q which sends a pair (E, C) ∈ Y 0 (M) to j(E) := the j-invariant of E. In preparation for the next Section we need to understand the number of F p -rational points on each fiber of this map. Ogg's argument in [15, Thm. 2] applies mutatis mutandis and yields the following result.
Lemma 3. Fix j ∈ F p with j = 0, 1728. Choose any elliptic curve E/F p with j(E) = j.
Then the number of equivalent classes of pairs (E
, is equal to one half of N E,p (M) := the number of F p -rational cyclic subgroups of E of order M.
where q runs through all distinct prime divisors of M. Utilizing techniques from Waterhouse's thesis [29] , Ito [7] evaluates N E,p (M) in all cases. For the rest of this section, we state Ito's Theorem and rewrite his expression for N E,p (M) in a form suitable for our subsequent application. Clearly it suffices to work with the case where M is a prime power. We begin by setting up some notation.
Let E/F p be an ordinary elliptic curve, so a := a p (E) lies between ±2 √ p and a = 0.
Denotes by π a , π a the two distinct roots of h a,p (x) := x 2 − ax + p. Fix a prime l. Set is the endomorphism ring of some elliptic curve over F p with p + 1 − a points over F p .
Theorem 9 (Ito [7] ). Let E/F p be ordinary. With the notation as above, set
Then ǫ E ≤ ǫ a , and
if l ramifies and ǫ > ǫ a + ǫ E + 1.
Corollary 3.
If E/F p is ordinary, then N E,p (l ǫ ) depends only on ǫ a and ǫ E .
Remark 11. Ito also determines N E,p (l ǫ ) when E/F p is supersingular; again the answer depends only on ǫ a and ǫ E . We do not reproduce the result here since the supersingular case will not arise in our application. Also, note that Ogg's formula (33) is in agreement with (case (iii) of) Ito's Theorem.
The Corollary suggests a new notation. Given a and p as above, let f > 0 be an integer with f 2 |(a 2 − 4p) and (a 2 − 4p)/f 2 ≡ 0, 1 (mod 4). Then Q(π a ) has a unique order of discriminant (a 2 − 4p)/f 2 which contains Z[π a ], and which, by Lemma 4, corresponds to the endomorphism ring of some elliptic curve E/F p with p + 1 − a points. If E, E ′ are two such curves, Ito's Theorem says that
is well-defined. We now come to the main result of this section.
Lemma 5. Let M > 0 be odd. Set M f := (M, f ). Then we have the equality
where Ψ(m) := m q|m (1 + 1/q), q runs through the prime divisors of m; and
Remark 12. Note that the x's in σ(a, f, p, M) are well-defined: since M f divides the con-
Proof. It suffices to assume that M is an odd-prime power l ǫ , and ǫ E in Ito's Theorem is equal to ǫ f := ord l (c a /f ). The two cases 1 ≤ ǫ a − ǫ f and ǫ a − ǫ f < ǫ ≤ ǫ a + ǫ f are immediate consequence of the first part of the following Lemma.
Lemma 6. Let g ∈ Z[x] be monic and quadratic, and let l > 2 be a prime.
(a) Suppose l 2m 0 |disc(g). Then for any integer 1 ≤ m ≤ m 0 ,
Moreover, there exists a unique
has a unique solution (mod l) and has no solution (mod l n ) for any n > 1.
by hypothesis. Furthermore, the quadratic formula shows that a/2 is a double root of g (mod l m 0 ), whence g ′ (a/2) ≡ 0 (mod l m 0 ). Thus for any β ∈ Z and any m ≤ m 0 , 
If l ∤ disc(g 0 ), then the lifting argument in the proof of Hensel's Lemma shows that the number of solutions (mod l ǫ−ǫa ) of g 0 (z) ≡ 0 (mod l ǫ+ǫa−ǫ f −2ǫa ) is either 2 or 0, depending on whether l is split or inert in Q(π a ). This gives Lemma 5 when ǫ > ǫ a − ǫ f and l ∤ disc(g 0 ). The last subcase l|disc(g 0 ) is handled by Lemma 6(b) . This completes the proof of Lemma 5.
We close this section with a computation we need for the next Section. Fix π, π ∈ C so that ππ = p ∈ Z. For any integer k ≥ 0, define
2n is a Z-linear combinations of the Q(π, k). Our goal is to determine these coefficients. For any n ≥ 1, write (π + π)
, we readily obtain the recurrence relations
A simple induction then yields the desired formula: for i < n,
Note that every c p (n, i) is positive.
Elliptic modular surfaces
Proof of Theorem 4. Denote by f M : E→X 0 (M) the elliptic modular surface associated to X 0 (M). Both f M and E are defined over Q. Shioda [22] shows that f M is a semistable fibration, and that its group of section is finite even after we extend the base field to C. To simplify the notation, write Y and X for Y 0 (M) and X 0 (M), respectively. Then
since |a p (E t )| ≤ 1 for every bad fiber E t . The number of t ∈ Y (F p ) with j(E t ) = 0 or 1728 is at most deg(
and recall that a = π a + π a , for even n we can further rewrite (39) as 1 2
where the c p (n/2, i) and Q(π a , i) are as in the end of the last Section. The Selberg trace formula says that the trace of the Hecke operator T p on the space of weight 2k modular forms on Γ 0 (M) with p ∤ M, is given by [21 
This allows us to rewrite (40) as
Substitute these back into (36) and we get Theorem 4 for even n.
Remark 13. Our use of the trace formula above is inspired by the work of Birch [1] on the asymptotic behavior of even moments of values of a p (E) over all elliptic curves over F p . This is essentially the M = 1 case above; of course, when M = 1 the problem of counting cyclic M-isogenies does not arise.
Tate conjecture for E and E (2)
To simplify our notation, write E for E M and write C for X 0 (M). For the rest of this section the ground field is Q.
We begin with E. Following the notation in the Introduction, denote by T E the subgroup of NS(E/Q) generated by the zero section of f : E→C together with all the Q-components of the fibers of f . From the theory of modular curves we know that these irreducible components are all defined over (subfields of) the cyclotomic field
In particular, L(T E ⊗ Q, s) has a meromorphic continuation to C and is holomorphic for Re(s) > 0 except for a pole at s = 1 of order rank T E (Q). On the other hand, Rosen and Silverman [16, p. 52-53] shows that, for Re(s) > 3/4,
By Theorem 4, the left side has an analytic continuation to Re(s) > 1. It follows that L 2 (E/Q, s) has an analytic continuation to Re(s) > 7/4 except for a pole at s = 2 of order equal to rank T E (Q). Finally, Shioda [22] shows that the group of sections of E→C is finite (even when the base field is C), so by the Shioda-Tate theorem, the order of pole of L 2 (E/Q, s) at s = 2 is in fact rank NS(E/Q). This completes the proof of the Tate conjecture for E/Q.
Since i * i ! F is a skyscraper sheaf, for t = 1 the Kunneth formula gives
Deligne [3] shows that
is canonically identified with the space of weight 3 modular forms on Γ 0 (M) plus its complex conjugate. There are no weight 3 modular forms on Γ 0 (N), so for t = 1 both sides of (42) are zero.
Finally, consider the case t = 2. The Kunneth formula gives
).
so (44) contributes 3 to both sides of (42). As for (43),
, where x runs through the closed points of Z ⊂ C and i x : x→C denotes the closed immersion. From the theory of modular curves we see that ! R 2π * Q l, E (2) )(1). Thus the contribution from (44) to the two sides of (42) are equal as well, and the Lemma follows.
Remark 14. The Lemma also holds for the universal elliptic curve over X 1 (M)/Q(ζ M ). This time H 1 (R 1 ) is not empty; but (42) remains true since both sides are still zero. For the analytic side it follows from a deep non-vanishing theorem [8] . For the cohomological side, this follows from the fact that no power of the cyclotomic character is a quotient of the Galois representation associated to a weight 3 cusp forms on Γ 1 (M).
We now return to Tate's conjecture for E (2) . As in (25) - (27) Invoke Theorem 4 and the analytic Tate conjecture just proved for E/Q, we see that L 2 ( E (2) /Q, s) has an analytic continuation to Re(s) > 7/4 except possibly for a pole at s = 2. Moreover, compute the residues on both sides of (45) at s = 1 and we get rankNS( E Remark 15. From this analytic proof of Tate's conjecture for E (2) /Q we see that the inequality in Lemma 7 is in fact an equality. That means
• (41) is in fact an equality, and • in the notation of the proof of the Lemma, for each x ∈ Z, the G Q -fixed subspace of H 0 et (x ⊗ Q, i x * i ! R 2π * Q l, E (2) ) (1) is spanned by precisely to the divisors A ij (t) in (28) for the cusp x plus the blowup divisors.
With a more delicate analysis we should be able to prove these two statements directly. Furthermore, the contribution from the term H 2 (R 0 )(1) G Q corresponds to a vertical fiber
, while the contributions from
U ) correspond to the divisorsẼ 1 ,Ẽ 2 and∆ in (29) . Putting these together and we should get a purely geometric proof -modulo analytic and Galois properties of weight 3 modular forms -of Tate's conjecture for E M
. We present the analytic argument here because of its own interest, and because it serves as a guide on how to prove Tate's conjecture for E (2) for a general semistable fibration E→C. Specifically, the analytic proof above depends on three ingredients:
• Tate's conjecture for E M ,
• the crucial Lemma 7, and • the Galois module structure of the bad fibers. To extend our proof of Lemma 7 to a general semistable fibration f : E→C, we need to understand the monodromy representation H 1 (R 1 ). This is also the main obstacle to proving Tate's conjecture for E. For the universal elliptic curve over the Fermat curve (cf. Remark 8), we expect the complex multiplication structure of the Fermat curve to greatly facilitate the monodromy computation. In additional, the Galois module structure of the bad fibers of Fermat fibrations is well understood. These issues are currently under investigation.
Isotrivial fibrations
Proof of Theorem 6. Let f : E→C be a non-split, isotrivial elliptic fibration over Q. Then we can find an integer n ∈ {2, 3, 4, 6}, a smooth curve E/Q of genus one 9 and a non-constant function g ∈ Q(C) such that, for all but finite many points t ∈ C(Q), the fiber f −1 (t) is the
